Abstract: Compactifications of heterotic M-theory are shown to provide solutions to the weak-and axion-scale hierarchy problems as a consequence of warped large extra dimensions. They allow a description that is reminiscent of the so-called continuous clockwork mechanism. The models constructed here cover a new region of clockwork parameter space and exhibit unexplored spectra and couplings of Kaluza-Klein modes. Previously discussed models are outside this region of parameter space and do seem to require an ultraviolet completion other than that of perturbative higher dimensional D = 10, 11 string-or M-theory. A 5D-supergravity description can be given for all explicitly known continuous clockwork models. The various classes of models can be distinguished through the different roles played by vector multiplets and the universal hypermultiplet in 5D-supergravity.
Introduction
Understanding the origin of small couplings and large hierarchies of scales is a major challenge in theoretical physics model building. Various mechanisms have been explored, some based on a slight breakdown of custodial symmetries (as e.g. supersymmetry), others on peculiar properties of extra dimensions. Examples for the latter include large extra dimensions (LED) [1] , warped extra dimensions (RS) [2] or the so-called linear dilaton (LD) model [3] . A comprehensive discussion can be formulated in the formalism of the general continuum clockwork mechanism (GCCW) as described in Ref. [4] .
In the present paper we report on investigations in the framework of heterotic M-theory [5] that makes connection to the GCCW and extends the mechanism in a nontrivial way that has not yet been explored previously. It also gives a consistent UV-completion of specific examples of the clockwork mechanism in string theory. These main results of our work will be explained in sections 3 through 5 of the paper.
Let us first give an introduction to the clockwork mechanism and the GCCW. The clockwork scheme can be viewed as a generalisation of the aligned axion mechanism [6, 7] originally proposed in the framework of high scale natural inflation. Its generalisation to the multi-axion case [8] has an interesting application beyond the inflationary picture for the scale of the QCD axion [9] . It is also well suited for the discussion of the so-called relaxion mechanism [10] as discussed in Refs. [11] and [12] 1 . A multi-axion picture with a large number of axions can be connected to schemes of deconstructions of extra dimensions along the lines of Refs. [13, 14] with a discrete number of sites: the discrete clockwork (DCW). The transition to a continuous clockwork mechanism (CCW) was suggested in Ref. [15] . Some specific properties of the DCW are lost in the generalisation to a CCW and this leads to some ambiguities in its definition and interpretation [16, 17] . A comprehensive description of the general picture (GCCW) is given in Ref. [4] on which we base our present discussion. Various applications of the clockwork mechanism have been given in .
In this paper, our main focus will be on a subset of the GCCW known as the general linear dilaton model (GLD) [4] . It is described by two continuous parameters and it includes the well-known cases such as LED, RS and LD, but there are many more possibilities. The goal of the present paper is two-fold: first to explore the spectrum of GLD models beyond the examples known up to now and then provide a consistent ultraviolet (UV) completion within the framework of string theory, if possible.
In this paper we report on progress in both directions:
• we have found new solutions in the framework of heterotic M-theory,
• these differ decisively from previously discussed solutions as they exhibit a new structure for the Kaluza-Klein (KK) spectrum and couplings,
• we discuss the role of the universal hypermultiplet of compactified string theory for the properties for the UV-completion of GLD models and derive a bound on the parameters valid for the models obtained in the framework of heterotic M-theory,
• previously discussed models are shown to be mostly outside this bound and might face difficulties for a UV-completion in perturbative higher-dimensional (D = 10, 11) string theory,
• we provide a 5D-supergravity description for all known models and discuss the different roles of vector-and hypermultiplets in 5D.
The paper will be structured as follows. In section 2 we shall give an introduction to the GLD models. We describe the appearance of the two basic parameters relevant for the creation of hierarchical scales and discuss their phenomenological consequences for the spectrum of the Kaluza-Klein modes and the hierarchies of couplings. We reproduce the results for the previously explored special cases LED, RS and LD. Only for these three discrete choices of parameters do we have a bottom-up construction of GLD models. The remaining part of parameter space still needs explicit realisations of these yet unexplored KK spectra and couplings. It remains an open question whether more examples can be realised in quantum field theory and string theory.
A (partial) answer will be given in sections 3 and 4. Here we consider compactifications of heterotic M-theory that could explain the hierarchy between the Planck scale and hierarchically smaller scales as e.g. the electroweak scale or the scale of the invisible axion (which require special choices of parameters that do not coincide with the so-called standard embedding). This allows a connection towards the clockwork mechanism and provides new realisations of GLD models with phenomenological properties that differ qualitatively from the previous constructions (LED, RS and LD). As we have a consistent UV-completion we can give an explicit discussion in the framework of supergravity on a 5-dimensional (5D) manifold with the 5-th dimension being an interval. We stress the crucial role of the 5D universal hypermultiplet. Models with additional 5D vector multiplets are presented as well in section 5.
In section 6 we shall discuss the clockwork mechanism from the 5D perspective and make connection to previous work that realises the linear dilaton model (LD) within 5D-supergravity [56, 57] . The other known bottom-up constructions (among them RS) can be embedded in this scheme. From the 5D-supergravity perspective here the 5D vector multiplets play a crucial role, while the universal hypermultiplet is removed. Such a situation is impossible in heterotic M-theory. It remains an open question whether it can be embedded in any pertrubative higher dimensional (D = 10, 11) string theory. Section 7 contains our conclusions and outlook towards a complete classification of GLD models with a consistent UV-completion.
General Linear Dilaton (GLD) in a nutshell
In this section, we will give a brief summary of the continuum clockwork and GLD model. The scalar clockwork action can be written as [15] 
where we allow the clockwork gear mass parameter m i can depend on the site i. The continuum limit of the action is obtained by taking N → ∞ and introducing 5-th continuous coordinate, y, with
where ∆r ≡ πR/N is the lattice spacing with finite R. Here we introduce a dimensionless function m(y) to parameterize the site-dependent mass parameter m i . The resultant continuum clockwork action is
As we redefine the field Φ → Φ e ky , the action can be rewritten as
This action can be obtained from 5D diffeomorphism invariant lagrangian when the metric is replaced by a certain background value: where
From the continuum clockwork action (2.3), it is clear that k is responsible for generating coupling hierarchies, while p controls the clockwork gear masses (KK masses) via the relation m(y) = e py . The above background geometry can be generated by GLD proposed in [4] . The model is defined as the 5D dilaton-gravity action with the specific form of dilaton potential:
where the 5-th dimension y is compactified on an orbifold S 1 /Z 2 with the fixed points at y = {0, πR}, M 5 is the 5D Planck mass, (Λ b , Λ 0 , Λ π ) are constants, andĉ is an arbitrary real parameter 2 . If the potentials at the fixed points satisfy the following relation where k 1 and k 2 are determined in terms ofĉ and Λ b :
Furthermore, the dilaton field is shown to have a linear dilaton background,
where c was introduced in [4] . 3 For a discussion of inflationary 4D solutions we refer to [20, 21] . From the GLD point of view, therefore, we can take (ĉ, Λ b ) as two fundamental parameters to determine the properties of the clockwork instead of (k, p) or (k 1 , k 2 ). From the solution (2.11), one can notice that there are critical values forĉ 2 . For k 1 to be real, the bulk potential has to be negative (Λ b < 0) forĉ 2 < 4 while positive (Λ b > 0) for c 2 > 4. Ifĉ 2 = 4, the dilaton potential should vanish (Λ b = 0) in order to obtain the 4D Minkowski space, while k 1 is not determined by the equation of motion. 4 On the other hand,ĉ 2 = 0 (k 2 = 0) corresponds to the familiar Randall-Sundrum (RS) model with the AdS 5 bulk space. Also,ĉ 2 = 1 is a special point where k 1 = k 2 , which corresponds to the linear dilaton model (LD). Finally, the flat large extra dimension (LED) can be realized when either the dilaton potential vanishes (Λ b = 0) orĉ 2 → ∞ so that k 1 = 0. These critical points are summarized in Fig. 1 .
The pointĉ 2 = 1 is important in another aspect. In fact, GLD with a finiteĉ 2 > 1 predicts a new KK structure which is distinctive from the KK spectra and couplings found in the RS, LD and LED scenarios. 5 A schematic picture forĉ 2 > 1 is given in Fig. 2 . For convention, we will put our brane at y = 0 and consider the positive k 1 solution in (2.11), meaning a positive k of (2.8), because this turns out to be able to address the weak scale hierarchy problem. The crucial point is that the parameter p of (2.8) is then negative forĉ 2 > 1. This means that the clockwork gear mass function m(y) = e py shows exponentially decreasing profile over the extra dimension. Then the zero mode and lightest KK modes are localized near the distant brane y = πR so as to have tiny couplings to us. This provides a hierarchy between the 4D Planck mass M P and the 5D fundamental scale M 5 by M 5 ∼ M P e −kπR with the parameter k of (2.8). The lightest KK modes' couplings are similarly suppressed. Since the lightest KK modes have much smaller mass scale (M (1) KK ∼ M 5 e −|p|πR ) compared to the 5D cutoff M 5 , the model predicts the KK structure qualitatively similar to LED concerning the lightest modes. On the other hand, as for heavy 4 As we will discuss a specific example in section 6, k1 can be determined by a BPS condition forĉ 2 = 4. 5 Recently, novel collider phenomenology of the LD (ĉ 2 = 1) scenario compared to RS and LED was extensively studied in [58] . The GLD models withĉ 2 > 1 will be even distinctive from the LD scenario.
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heavy KK modes : growing coupling to us KK modes with masses near the 5D cutoff M 5 , their couplings are substantially different from LED. In LED, all KK mode couplings are universally suppressed regardless of their masses. In GLD with a finiteĉ 2 > 1, however, heavier KK modes have larger couplings to us proportional to a certain power of their masses. This is because the heavy clockwork gears are closer to us as depicted in Fig. 2 . This may entail interesting phenomenological consequences. We will give a more detailed discussion for the KK structure ofĉ 2 > 1 in section 4.
In this paper, we are looking for a motivated UV completion of the GLD clockwork. The pointĉ 2 = 1 (LD) is known to be a 5D approximating theory of the gravity dual of the type II Little String Theory [59] . We now want to see whether there are more ways to generate clockworks from different types of string theory. As we will see in the next section, Hořava-Witten theory [5] (or heterotic M-theory) provides a direct realization of the GLD clockworks, especially for the regionĉ 2 > 1.
Hořava-Witten model (minimal heterotic M-theory)
The strongly coupled E 8 × E 8 heterotic M-theory may be effectively described in terms of 11-D supergravity with the bosonic part of the action given by
In order to obtain N = 1 supersymmetry in 4D we compactify this theory on a CalabiYau (CY) complex 3-manifold X 6 . We work in the "upstairs" approach in which M 11 is a warped product manifold M 4 × X 6 × S 1 where M 4 is the 4D Minkowski space-time and the circle S 1 is parameterized by the 11-th coordinate x 11 . If one chooses x 11 to be in the range (−πr 11 , πr 11 ] then all the fields must be symmetric or anti-symmetric and the Lagrangian must be invariant under parity transformation x 11 → −x 11 . In the rest of the paper we will use the following conventions for the space-time indices: 6 I, J, . . . = 0, . . . , 9, 11; A, B, . . . = 4, . . . , 9 are tangent to X 6 ; µ, ν, . . . = 0, 1, 2, 3 are tangent to M 4 ; α, β, . . . = 0, 1, 2, 3, 11. Two E 8 gauge groups with the field strengths F (i) are localized at two 10D branes M 10 (i) at x 11 (1) = 0 and x 11 (2) = πr 11 , respectively. By convention we choose the brane at x 11 = 0 to support the gauge sector containing that of the Standard Model. In order for this theory to be supersymmetric and anomaly-free the Bianchi identity for the field strength G is modified such that
in the leading order of the expansion in κ 2/3 , which results in the following non-zero values of G:
where ω EF is the Kähler form on X 6 while µ is given by
and V 0 ≡ X d 6 x √ detg AB is the zeroth order CY volume. Notice that µ is negative for the standard embedding of the spin connection in the gauge group (i.e. when trF 2 (1) = trR 2 locally at the brane at x 11 = 0) but may be positive for some non-standard ones. A discussion of the possibilities can be found in [60] .
The metric on M 11 has the form 5) where the correctionsb,ĥ AB andγ are functions of only x 11 . The CY part simplifies tô h AB =ĥ g AB if only the universal modulus is taken into account. Then, in the leading nontrivial order of the κ 2/3 expansion, the above corrections were found to be 7 [61] [62] [63] [64] [65] 
6 Observe the difference with respect to section 2: the fifth coordinate of the 5D (sub)space was denoted by x 5 or y and now is denoted by x The effective 4D Planck mass is given by
where M 11 ≡ κ −2/9 is the 11D Planck scale and the integration is performed over the CY space X 6 and the 11-th interval I 11 ≡ S 1 /Z 2 , and πR 11 denotes the physical length of I 11 ,
On the other hand, the 6D CY volume scales with x 11 as
For negative µ (e.g. for the standard embedding) V decreases with x 11 which results in an upper bound on the length of the 11-th dimension, πR 11 . On the other hand, V increases with x 11 for positive µ. In such a case R 11 may be quite large and the hierarchy problem may be addressed. In the large R 11 limit the effective 4D Planck mass (3.8) reads
V 0 is equal to the CY volume at the observable brane at x 11 = 0 so it is related to the value of the GUT gauge coupling, namely [61, 63] 
0 , where a is an order 1 constant, one may estimate the value of the ratio µ/M 11 0.5a. Using these relations among the massive parameters in the square bracket in (3.11) one gets
Large 11-th dimension may be used to address the hierarchy problem. For example for πR 11 100 µm the fundamental mass scale M 11 of order 1.3 a −1/4 TeV is enough to obtain the correct value of M P . Notice that the effective 4D Planck mass scales as M 2 P ∼ M 4 11 (πR 11 ) 2 . Such relation is typical for models with two flat extra dimensions. In the present case it comes from seven extra dimensions: one large (and flat), x 11 , and six curved, x A , with the 6-volume changing linearly with x 11 .
We consider situation when the 11-th dimension is much larger than the remaining six compact dimensions. So, an effective 5D description is adequate in such a limit. In the reduction to 5D we will retain only the CY zero modes and universal moduli while keeping the non-zero mode (3.3). The 11D metric may be written in the form
The dependence of the CY volume on 5D coordinates x α is only through the volume modulus fieldV ≡ V /V 0 . The factorV −2/3 in front of g αβ dx α dx β is introduced to obtain the 5D Einstein frame after reduction. In this section we consider the simplest version of the heterotic M-theory so in the reduction we use only the following components of the 3-form field C IJK : 14) where ω ABC is the harmonic (3, 0) form on the CY space. The 3-form field C αβγ can be dualized to a scalar σ. The resulting theory is the minimal 8 supergravity in 5D with the universal hypermultiplet (V , σ, ξ,ξ, ζ i ) and the gravity multiplet (g αβ , A α , ψ i α ) where ζ i and ψ i α are the hypermultiplet fermions and gravitini, respectively, and i = 1, 2.
Integrating the 11D action (3.1) over the CY space X 6 one can obtain the effective 5D action. Such reduction retaining the above mentioned fields and the gauge fields localized at the branes was performed in [65] . The relevant part for us of this effective action, describing the gravity-modulus system reads
where κ 2 5 = κ 2 /V 0 . Notice that the non-zero mode of G (3.3) determines the interaction terms between the graviton and CY volume modulus. Therefore, this mode is responsible for characteristic low energy predictions of heterotic M-theory distinctive from other higher dimensional supergravity/gravity theories, found e.g in [66, 67] .
We would like to analyze the above action in the context of GLD models discussed in [4] and summarized in the previous section. Replacing the volume modulusV with scalar S defined byV ≡ exp( √ 2S) we may rewrite the above 5D action in the general form (2.9)
Thus the dimensional reduction of Hořava-Witten model directly realizes a GLD model withĉ 2 = 6, and the bulk potential is positive as required forĉ 2 > 4 as discussed in section 2. Also remarkably, the boundary dilaton potentials satisfy the relation (2.10) to obtain the 4D Minkowski solution. This is due to the modified Bianchi identity (3.2) for the 11D theory to be locally supersymmetric and anomaly free, which implies that the boundary potentials induced by non-zero magnetic flux µ must have equal magnitude and opposite sign.
We can reproduce the leading order result (3.8) of the 11D action by the effective 5D GLD action (3.16) as well. From the 5D background geometry (2.7) with the parameters (2.11) and (2.8), it comes out to be 18) where πr 11 is the 11-th coordinate position of the second brane in the coordinate frame used in (2.7), and it is used that 19) from (3.13) in order to relate the coordinate radius r 11 to the physical radius R 11 . Thus, the 11D leading order result can be obtained as the exact result of the 5D effective theory as pointed out in [65] .
Masses and couplings of Kaluza-Klein (KK) states
As emphasized in section 2,ĉ 2 = 6 > 1 will exhibit a new KK structure. The results of the GLD KK spectrum and couplings analysis presented in [4] may be applied to the lightest KK excitations. In terms of the parameters defined in section 2, the n-th KK mode mass M n and coupling C n to our brane turn out to be approximated as
π|p| exp (−|p|πr 11 ) , (4.1)
for p −k with a positive k, where n = 1, 2, . . . . We have confirmed that these formulae are valid even for heavy KK modes up to n ∼ exp(|p|πr 11 ). 9 In minimal heterotic M-theory, the parameters k and p are equal to
sinceĉ 2 = 6 and Λ b = µ 2 /384 from (3.17), and the sign ± is determined by the sign of µ. Thus for a positive µ, which is necessary to address the hierarchy problem, the condition 9 The coupling Cn for an exponentially large n (n exp(|p|πr11)) can be different from the formula (4.2) by a factor of order one. But we will not be precise on this factor, since it is not important for our discussion. p −k is satisfied to apply the above approximate formulae for the KK spectrum and couplings. As was argued in section 2, the lightest KK masses are exponentially suppressed compared to the 5D fundamental scale κ −2/3 5 ∼ M 11 ∼ µ by the factor exp(−|p|πr 11 ) with the negative p in (4.4) forĉ 2 > 1.
Using eq. (3.19), one can express the above KK spectrum in terms of the length of the 11-th dimension, πR 11 . The result (valid for positive µ) reads
Using the relation (3.18) between the Planck mass and R 11 , we may rewrite (4.5) in the large R 11 limit
In the case of N large flat extra dimensions (LED), the KK masses scale as
where {n i } is the set of N numbers describing excitations along each dimension and M * is the fundamental mass scale of the model. Comparing the above formula with the spectrum (4.6) for large n, we see that asymptotically the KK spectrum of the heterotic M-theory is in this case similar 10 to that of N = 8/5 = 1.6 large extra dimensions. The GLD clockwork from the simplest version of the heterotic M-theory thus resembles fractional large extra dimensions in terms of the KK spectrum, while the hierarchy problem is solved as in the case of two large flat extra dimensions. Moreover, the KK coupling is predicted to be quite different from LED. To see this, let us express (4.2) in terms of the KK mass (4.1):
where M 1 is the first KK mass. So the coupling (4.8) is similar to the LED KK coupling C LED, {n i } = M * /M P for the light KK states with M n ∼ M 1 . But it grows for heavier KK states. For instance, if we consider a KK state whose mass is near the fundamental cut-off M n ∼ M 11 , the coupling becomes
The phenomenological implications of this novel KK-structure have to be studied further. If the scale M 11 is small enough this might lead to the production of KK-excitations of the graviton at high energy colliders like the Large Hadron Collider (LHC) at CERN. To estimate this production, we consider the branching ratio for emitting a KK-graviton of mass scale M n in a physical process with available energy E. This can be estimated as
where ∆M n is the mass gap of the KK-states and the factor (M n /∆M n ) accounts for the multiplicity of the KK states. Thus for a collison energy E comparable to the string scale M 11 , KK-gravitons of mass ∼ M 11 may be produced at colliders and the spectrum can be analysed. As we pointed out above, the string scale M 11 can be as low as a few TeV for the models under consideration.
Heterotic M-theory with vector multiplets
In the previous two sections, we have shown that the 5D effective theory of heterotic Mtheory in its simplest form realizes the GLD withĉ 2 = 6. The model was obtained based on the CY volume modulus and graviton interactions. Now we want to consider a role of more Kähler moduli besides the CY volume modulus i.e. we consider models compactified on CY space with the Hodge number h (1,1) > 1. We will show that in the simplest cases, two more solutionsĉ 2 = 7, 10 are obtained. For a Calabi-Yau three-fold X 6 with the Hodge number h (1,1) , the internal metric g ab and Kähler form ω ab = ig ab (a, b, . . . andā,b, . . . are holomorphic and anti-holomorphic indices on the CY space, respectively) can be expanded with a basis ω i ∈ H (1,1) (X 6 ) (i = 1, . . . , h (1,1) ),
where t i are the Kähler moduli. Then the internal CY space volume V is
with the CY intersection numbers
If we rescale t i =V 1/3 X i , we can separate the volume modulusV (≡ V /V 0 ) from the other Kähler moduli X i which satisfy the constraint
so that there are h (1,1) − 1 independent Kähler moduli apart from the volume modulus.
The 3-form field component C αAB in (3.14) can be also expanded as
Then in the dimensional reduction to the 5D effective theory, one of the 5D vectors A i α (i = 1, . . . , h (1,1) ) is identified as the graviphoton in the 5D gravity multiplet, and the remaining (h (1,1) − 1) 5D vectors compose (h (1,1) − 1) 5D vector multiplets with the Kähler moduli X i . Thus in the resulting 5D theory, we have vector multiplets in addition to the universal hypermultiplet and the gravity multiplet considered in the previous section.
In fact, we can also have h (2,1) 5D hypermultiplets constructed out of h (2,1) complex structure moduli g ab and 3-form field components C abc . However, it turns out that these hypermultiplets do not contribute to the scalar potential, so they are irrelevant for our discussion.
The reduction of the 11D action (3.1) to the 5D effective action retaining the additional vector multiplets was elaborated in [68] . The part relevant for us describes the following gravity-Kähler moduli system:
where X i (i = 1, . . . , h (1, 1) ) are subject to the constraint (5.4), and
and the previous flux parameter µ is generalized to
The important part of the above action is the bulk and boundary scalar potentials arising from non-zero flux parameters µ i . In particular, the bulk potential derives from non-zero values of the internal components of G as a solution to the modified Bianchi identity (3.2):
As a simple choice, let us first consider h (1,1) = 2 and the CY intersection number d 112 = 0 while the other components d ijk vanish. Then the constraint (5.4) is
So we can write
where β = (d 112 /2) 1/3 , and it turns out that b = 1/ √ 3 to canonically normalize S 1 . On the other hand, we replace the volume modulusV with scalar S V defined byV = exp √ 2S V as before, which corresponds to a canonical normalization for S V . Then the scalar potential turns out to be
12)
If both µ 1 and µ 2 are non-zero, S 1 is stabilized at √ 3S 1 = ln(µ 1 /2µ 2 ). Then we recover the GLD potential (3.16) of the previous section with the GLD dilaton S identified as S V and µ = 3(µ 2 1 µ 2 /2d 112 ) 1/3 . So in this case,ĉ 2 = 6 as before. On the other hand, if one of the flux parameters µ i vanishes, one can find a new solution. If µ 1 = 0, a new run-away direction −2 √ 2S V + 4S 1 / √ 3 appears in the bulk potential, which is to be identified as the GLD dilaton S. In other words, we obtain the GLD action (2.9) witĥ
14) 15) whereĉ is determined to canonically normalize S as in (5.15). Therefore, we find another GLD withĉ 2 = 10 and Λ b = (2/d 112 ) 2/3 µ 2 2 /128, while the boundary potential satisfies the condition (2.10) for the 4D Minkowski background. Note that the bulk potential is positive as required forĉ 2 > 4.
Another new solution is obtained when µ 2 = 0. Similarly to µ 1 = 0 case, we get the GLD action (2.9), this time witĥ
This is a GLD withĉ 2 = 7 and Λ b = (2/d 112 ) 2/3 µ 2 1 /256 while satisfying the boundary condition (2.10). The bulk potential is positive as well forĉ 2 > 4.
The above solutions have different scaling for the hierarchy of the mass scales compared to the case without vector multiplets. Generalizing the formulae (3.18) and (3.19) , it turns out that 11
Therefore,ĉ 2 = 7, 10 correspond to 1.8, 1.5 flat extra dimensions, respectively 12 . Analogously to the previous case, the corresponding KK spectra are matched to different (fractional) number of extra dimensions. For large n the spectrum is similar to that of N = 3/2 = 1.5 large flat extra dimensions forĉ 2 = 7 and N = 4/3 forĉ 2 = 10. Generally the number of extra dimensions N corresponding to KK spectrum is related toĉ by the following formula
One should note that for heterotic M-theory for whichĉ 2 ≥ 6 (see eq. (5.20) and discussion below) both effective numbers of dimensions, one related to the hierarchy of scales in eqs. (5.18) and another related to the KK spectrum given by (5.19) , are monotonically decreasing functions ofĉ 2 .
We have therefore found two more GLD clockwork solutionsĉ 2 = 7, 10 by the example of h 1,1 = 2 with d 112 = 0 and d ijk = 0 otherwise. By a similar procedure, one can find that the same solutions are obtained for another simple example of h 1,1 = 3 and d 123 = 0 while d ijk = 0 otherwise. Although we do not prove it rigorously, it seems quite generic that we recover the solutionĉ 2 = 6 when all flux parameters µ i are non-zero, because the Kähler moduli involved in the vector multiplets are stabilized so that only the volume modulus plays the role of the GLD dilaton. On the other hand, if one of the flux parameters vanishes, a new run-away direction like (5.14) or (5.16) appears in the bulk potential so as to be identified as the GLD dilaton with a newĉ 2 . At any rate, the possibility to get more different solutions from higher h 1,1 or more complicated d ijk is still open.
From the above example, one can observe that there is a lower bound forĉ 2 :
This bound is due to the presence of the volume modulus S V . The effect of the other Kähler moduli S i either does not change or increasesĉ 2 . In fact, this is a generic lower bound for heterotic M-theory, since the general scalar potential in (5.6) is multiplied by the overall volume modulus factor. Therefore, LD (ĉ 2 = 1) or RS (ĉ 2 = 0) scenarios cannot be realized in heterotic M-theory. Does this mean that they cannot be consistently embedded in string theory? The next section is devoted to a discussion of this question.
6 Can we avoid the heterotic M-theory bound?
In the previous section, we derived the lower boundĉ 2 ≥ 6 in the framework of heterotic Mtheory. It was observed that this bound is due to the presence of the CY volume modulus. With a compactification on a CY manifold we arrive at a 5D theory and we might try to understand the existence of such a bound in terms of 5D supergravity as well. Since the CY volume modulus is contained in the 5D universal hypermultiplet, this bound will be related to the presence of that multiplet. If we want to avoid the bound we have to discuss the role and coupling of the universal hypermultiplet in detail.
As pointed out in [65, 68, 69] , a non-zero G-flux in heterotic M-theory and/or 11D supergravity leads to gauging the resulting 5D effective supergravity along the axion σ direction, which is the dual of the 3-form component C αβγ . So the bulk scalar potential can be written in terms of a gauged 5D supergravity,
with the Killing vector k i = (µ i /4)∂ σ and the Killing prepotential 2) and h uv is the metric for the universal hypermultiplet q u = (V , σ, ξ,ξ) in which h σσ = 1/(4V 2 ). The first two terms in the potential are contributions from the gravity and vector multiplets, while the last term is from the universal hypermultiplet. Now the last term cancels the second term so that the bulk potential is given by the first term alone. One can see that this first term is the same as the bulk potential in (5.6). Observe that this term is non-negative. As shown in Fig. 1 this implies thatĉ 2 has to be greater than 4 if a GLD clockwork solution exists (as explained in section 2).
In the framework of 5D supergravity, however, there exists previous work [56, 57] that describes clockwork systems withĉ 2 < 4. The models considered there were constructed exclusively in the presence of vector multiplets. To make contact with these investigations we have to take our 5D system described above and remove the universal hypermultiplet. From the viewpoint of the underlying higher-dimensional string theory this might be problematic, as the universal hypermultiplet is an important ingredient in the compactifications of heterotic M-theory (and 11D M-theory as well). Let us nonetheless consider the case where the universal hypermultiplet is removed from the system. This corresponds to set the Killing vector k i = 0 and the Killing prepotential P i = const. Since the third contribution in (6.1) vanishes, the second term now contributes to the bulk potential. Because this second term is non-positive, it can make the bulk potential negative so thatĉ 2 < 4 can be realized. Therefore, the heterotic lower bound forĉ 2 can be avoided if the universal hypermultiplet is decoupled. However, we should stress that it is impossible to decouple the universal hypermultiplet in heterotic M-theory, because it is constrained by the boundary gauge couplings of E 8 × E 8 , e.g. by perturbativity of the gauge couplings.
As an alternative we instead might consider M-theory (in contrast to heterotic Mtheory) in the limit of 11D supergravity and hope that such a situation can be realized there [56] . It is, however, not clear to us, how this can happen. The situation might just be a realization of the clockwork in 5D supergravity without a meaningful embedding in 11D M-theory.
Let us nonetheless discuss the phenomenological consequences in the absence of the universal hypermultiplet. As discussed above, this makes the second term in (6.1) contribute to the bulk potential in addition to the first term. If we again consider the example of the previous section h (1,1) = 2 and d 112 = 0 while the other d ijk = 0, the bulk potential becomes whereV is a constant. Notice that the bulk potential is now negative. This is the same potential as found by [56, 57] in the context of the LD clockwork realization through 5D gauged supergravity with vector multiplets. As discussed there, if both µ 1 and µ 2 are non-zero, there is an extremum of the potential where S 1 is stabilized. This realizes the RS scenario (ĉ 2 = 0) with negative bulk potential. On the other hand, if µ 2 = 0 (and µ 1 = 0), S 1 becomes a run-away direction which realizes the GLD action (2.9) with 4) corresponding to the linear dilaton case (LD). If µ 1 = 0, the bulk potential vanishes. Still, a non-zero warping along the 11-th dimension can be obtained when µ 2 = 0 as discussed in [56] . Interestingly, the resultant background solution turns out to correspond to the GLD clockwork solution with We have thus seen that in the absence of the universal hypermultiplet in the 5D supergravity theory, the heterotic boundĉ 2 ≥ 6 can be avoided. In the presence of vector multiplets one can construct the solutions RS (ĉ 2 = 0) as well as LD (ĉ 2 = 1) and a third solution (ĉ 2 = 4). The possibility to obtain other GLD clockwork solutions with higher h (1, 1) or more complicated d ijk is the subject of further investigations.
Conclusions and Outlook
GLD models provide a 2-parameter class of potential solutions to the weak-or axion-scale hierarchy problems. Depending on the parameters, the models differ in the properties of KK-masses and couplings. The GLD set-up has been discussed in a bottom-up construction and it remains to be seen whether there is a consistent UV-completion in the framework of string theory.
The results of our investigations indicate that such a valid UV-completion might only be possible for some discrete values ofĉ 2 . We were able to derive such models in the framework of compactified heterotic M-theory for the valuesĉ 2 = 6, 7, 10. They show an unconventional interpretation in the geometrical picture. For the hierarchy of the mass scales, the case ofĉ 2 = 6, for example, appears as a model with 2 flat extra dimensions. However, the corresponding KK-spectrum resembles that of a model with 1.6 extra dimensions. This unconventional behaviour strongly influences the couplings of the KK-modes and might have interesting applications for the role of axions in heterotic M-theory compactifications [70] . For consistent models within the framework of heterotic M-theory we can derive a lower bound:ĉ 2 ≥ 6. This bound appears as a consequence of the presence of the universal hypermultiplet in the theory compactified to 5 dimensions.
Previously discussed models, such as RS and LD, violate this bound. In a 5D-supergravity description they require the presence of vector multiplets (but the absence of the universal hypermultiplet). It remains to be seen whether this allows a consistent uplift to a higher dimensional string-or M-theory. Models outside the heterotic M-theory boundĉ 2 ≥ 6 do apparently require a different UV-completion. For the linear dilaton model (LD) such a completion has been suggested in the framework of a 6D non-critical and non-local string-like theory known as "Little String Theory". For a recent discussion and references we refer the reader to section 2.2 of [58] . It remains an open problem to understand a possible relation between these different attempts for a UV-completion. Other open questions concern the complete classification of the models that allow a consistent UV-completion. Up to now we were only able to find solutions for certain discrete values ofĉ 2 .
The unconventional properties of the KK-spectrum and the couplings of the various KK-excitations on the various branes deserve further investigations which we will discuss in a future publication [70] . They might have relevance for researches at colliders [58] as well as axionic couplings within the framework of heterotic M-theory in view of a solution of the strong CP-problem.
